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ABSTRACT Sequence-dependent intrinsic curvature of DNA inﬂuences looping by regulatory proteins such as LacI and NtrC.
Curvature can enhance stability and control shape, as observed in LacI loops formed with three designed sequences with
operators bracketing an A-tract bend. We explore geometric, topological, and energetic effects of curvature with an analysis of a
family of highly bent sequences, using the elastic rod model from previous work. A unifying straight-helical-straight represen-
tation uses two phasing parameters to describe sequences composed of two straight segments that ﬂank a common helically
supercoiled segment. We exercise the rod model over this two-dimensional space of phasing parameters to evaluate looping
behaviors. This design space is found to comprise two subspaces that prefer parallel versus anti-parallel binding topologies.
The energetic cost of looping varies from 4 to 12 kT. Molecules can be designed to yield distinct binding topologies as well as
hyperstable or hypostable loops and potentially loops that can switch conformations. Loop switching could be a mechanism for
control of gene expression. Model predictions for linking numbers and sizes of LacI-DNA loops can be tested using multiple
experimental approaches, which coupled with theory could address whether proteins or DNA provide the observed ﬂexibility of
protein-DNA loops.
INTRODUCTION
Proteins often induce DNA bending and torsion to inﬂuence
or control cellular processes. In protein-mediated DNA
looping, proteins bind simultaneously to separated sites on a
DNA molecule to form a loop from the intervening DNA.
The loop can both respond to changes in bending and torsion
or induce them to affect downstream functions, such as
regulating transcription or facilitating protein-DNA assembly
during replication, recombination, and condensation (1,2).
For example, the activator protein NtrC facilitates tran-
scription by interacting with the RNA polymerase holoen-
zyme via looping, and the loop can respond to DNA bending.
Repressor proteins such as the Lac and Gal repressors (LacI
and GalR) of the bacterium Escherichia coli repress tran-
scription upon introducing a DNA loop, and GalRmay act by
establishing a promoter conformation inconsistent with ini-
tiation. For these and other systems, the intrinsic curvature of
DNA may facilitate looping (3,4) by essentially prebending
the helical axis of otherwise unstressed DNA. Similarly,
proteins such as CAP and IHF induce large DNA bends
(;90 for CAP, 180 for IHF) to facilitate looping (see, for
example (5–7)). Herein we focus on looping of intrinsically
curved DNA by LacI, but the method and conclusions should
be relevant to other DNA-protein complexes forming simi-
larly short DNA loops.
Substantial understanding of protein looping interactions
with DNA has been obtained from biochemical studies (8,9)
and the x-ray crystal structures of LacI and LacI bound to
oligonucleotide operators are available (6,10). Despite these
signiﬁcant advances, many questions remain concerning
fundamental aspects of looping mechanisms, in particular
how looping is inﬂuenced by the sequence of the interoperator
DNA. Experimental and theoretical methods have been em-
ployed to probe the thermodynamics and topology of DNA
loops as functions of DNA sequence. Experiments are chal-
lenged by the absence of complete high-resolution data for
these large, ﬂexible, and dynamic structures, while theories
are challenged in characterizing the many physical interac-
tions that govern looping. This article implements a theo-
retical model to explore looping by the Lac repressor (LacI)
protein for a large family of bent interoperator sequences re-
lated to an existing model system. The model makes a direct
connection between basepair level DNA structure/ﬂexibility
parameters and the results to be expected from looping ex-
periments, and the analysis is readily extendable to additional
interactions such as protein ﬂexibility.
The theoretical framework employs an elastic rod model
for DNA that explicitly incorporates the intrinsic curvature of
the helical axis and its sequence-dependent anisotropic
ﬂexibility, as determined by the basepair sequence (11,12).
The rod approximation is a coarse-grained model that nec-
essarily averages the elasticity properties of DNA over at
least a helical turn, so it is most useful for describing the long-
length scale mechanics of the molecule (13,14). The com-
putational efﬁciency of rod models has been recognized in
previous studies of DNA looping (11,15–17). Finer-grained
discrete basepair models in which the basepairs are approx-
imated as rigid bodies connected to their nearest neighbors by
translational and rotational springs have also been applied to
looping (18–21). Direct simulation of DNA looping at the
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atomistic scale by molecular dynamics remains computa-
tionally challenging due to the systems’ size and the disparate
time- and length-scales needed to resolve DNA and protein
dynamics (13). Nevertheless, MD simulations of the related
problem of minicircle conformation have been achieved (22).
A multiscale method which couples a rod formulation for the
DNA with an MD formulation of LacI has been presented
(23,24). Potentially limiting the rod model is its exclusion of
entropic effects, which are otherwise included in statistical
approaches (see, for example, (21,25,26)). However, an ex-
tension of the Shimada-Yamakawa theory for DNA cycli-
zation (27) leads to a computational method for evaluating
the entropic contribution to the free energy of looping (28).
Recent models of the DNA-LacI complex use the crystal
structure of LacI bound to DNA operators (6) to determine
positional and orientational boundary conditions for the
structure of the interoperator DNA. However, the protein
structure in solution may differ from the crystal structure due
to protein ﬂexibility or alternative stable conformations
(3,10,29,30). Therefore, a challenge remains in deﬁning
boundary conditions with imprecise knowledge of the protein
structure for the looped complex. Recent studies have explored
the role of protein ﬂexibility. For example, Zhang et al. (21,31)
employ a simpliﬁed protein model with varying amounts of
stiffness while Swigon et al. (16) considers the limiting case of
vanishing stiffness for prescribed modes of protein deforma-
tion. Recently, we extended our elastic rod model to represent
the protein as an elastic body (an extended rod) having non-
uniform elasticity that can account for both stiff and ﬂexible
protein domains (32). Advantages of this approach include the
ability to approximate distributed stiffness and anisotropic
bending. The multiscale model of Villa et al. (23,24) explicitly
accounts for protein ﬂexibility over short timescales.
Experimentally, one of the best-characterized features of
LacI looping is the oscillatory dependence of looping free
energy (as measured by repression level) on the length of the
interoperator DNA (33–35). As seen for cyclization, the pe-
riod of the oscillatory component is about a helical turn,
arising from the change in torsional alignment or phasing of
the operator sites upon the addition or subtraction of base-
pairs. However, as cautioned in the literature (12,21), the
distinct closure requirements for looping versus cyclization
yield signiﬁcant quantitative differences in the thermody-
namics, particularly for the subpersistence length of the
interoperator DNA of the DNA-LacI complex. DNA super-
coiling, protein ﬂexibility, DNA intrinsic curvature, se-
quence-dependent stiffness, changes in loop topology, and
the presence of IPTG can also affect operator-phasing pat-
terns (16,21,31,35–37).
The Kahn lab (3,38,39) has probed the combined effects of
operator phasing and intrinsic curvature on protein-mediated
looping using designed sequences that contain A-tract bends
in the interoperator DNA (3). Three such bent sequences,
referred to as 11C12, 9C14, and 7C16, form hyperstable
loops proposed to have markedly different conformations,
although they are not necessarily optimal representatives of
any particular conformation (3). In a recent study (12), we
demonstrate that upon explicitly incorporating sequence-
dependent intrinsic curvature in the DNA constitutive law,
the computational rod model correctly predicts a broad range
of the experimental results for the Kahn constructs. In par-
ticular, the theory successfully predicts the operator orien-
tations (loop topologies) known from FRET measurements,
the linking number distribution known from cyclization as-
says of the LacI-DNA complex, the relative loop stabilities
known from competition assays, and the relative loop size
inferred from gel mobility assays.
The bent sequences above are but three examples from a
large family of molecules having the embedded A-tract.
Molecules within this family are distinguished by the phasing
of the A-tract relative to the terminal operators which bind to
LacI. The energetics and topology of the looped DNA-LacI
complexes depend critically upon this phasing, and there is
no reason to believe that any of the three sequences synthe-
sized to date have yielded optimal characteristics such as
stability or conformational uniformity. In this study, we
materially extend the work of Goyal et al. (12) by estab-
lishing a two-parameter representation for a complete de-
scription of the operator phasing of an entire family of related
molecules.We exercise the computational rod model over the
two-dimensional design space of sequences to evaluate the
landscape of possible looping characteristics including loop
energy/stability. Doing so illustrates that combining the op-
erator phasing length experiment with the unique variety of
experiments possible on hyperstable loops may allow us to
design loops with intriguing conformational switching
properties as well as to test the model’s assumptions about
protein and DNA ﬂexibility.
METHODS
We employ a computational rod model to explore the effects of intrinsic
curvature on looping for an entire family of bent sequences that incorporates
as special cases the three examples synthesized in the Kahn lab (3,38,39). A
derivation of this computational rod model is provided in Goyal et al. (40)
and its application to looping of the DNA-LacI complex is summarized in
Goyal et al. (12). Herein, we describe how this formulation is modiﬁed to
analyze a family of sequences.
As reviewed above, the continuum rod is fundamentally a course-grain
model of DNA (13), which describes the three-dimensional bending and
twisting of the helical axis of the molecule on length scales of approximately
a helical turn (3 nm) and longer. As in the literature (11,15), we use averaged
stiffness properties of DNA as determined by commonly accepted values of
the bending and torsional persistence lengths, 50 nm and 75 nm, respectively
(13,41). We explicitly incorporate the sequence-dependent intrinsic curva-
ture of the helical axis in the rod formulation (12) with the rod elastic energy
functional
EðtÞ ¼
Z L
0
1
2
½f~kðs; tÞ ~koðsÞgTBf~kðs; tÞ ~koðsÞgds: (1)
Here, E(t) is the elastic deformation energy (in units of kT), t is the
independent time variable, s is the independent spatial (contour length)
variable (nm), B is a diagonal tensor which deﬁnes the bending and torsional
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stiffness of DNA, assumed sequence-independent (nm – kT), and ~kðs; tÞ is
the curvature/twist vector of the helical axis (nm1). The vector~koðsÞ deﬁnes
the curvature/twist (nm1) of the stress-free conformation, which depends
upon s and thus accounts for the sequence-dependent intrinsic curvature of
the molecule, as detailed further below.
By allowing off-diagonal elements and including explicit dependence on
s in B, the rod formulation has been extended in Goyal et al. (40) to account
for sequence-dependent stiffness properties, anisotropy, and tension-torsion
coupling (42,43). In Goyal et al. (40), we suggest a further extension to
approximate electrostatics and thermal kinetics by incorporating distributed
forces and moments along the length of the rod. Since accounting for each
additional effect requires specifying several frequently uncertain parameters,
currently we ignore these additional inﬂuences (12). Despite these approx-
imations, the resulting theory incorporating intrinsic curvature (12) predicts
the major experimental results for the three highly bent sequences synthe-
sized to date (3,38,39).
A comprehensive study of looping for an entire family of bent DNA se-
quences requires signiﬁcant computational effort because numerous com-
binations of parameters are required, including those deﬁning the following
features: 1), the geometry of the intrinsic bend; 2), the location (phasing) of
the intrinsic bend relative to the two operator sites; and 3), the manner in
which LacI binds to the operators. We discuss next a number of simpliﬁ-
cations that yield an efﬁcient analysis.
Fig. 1 A introduces a simpliﬁed straight-helical-straight (SHS) represen-
tation for describing intrinsic curvature with the rod model (12). Bent se-
quences related to the three synthesized sequences introduced in Mehta and
Kahn (3) are modeled as a helically supercoiled bent A-tract domain (dark
shaded) ﬂanked by two straight linker domains (light shaded). Fig. 1 A also
illustrates the SHS rod representation superimposed upon an atomistic rep-
resentation of the stress-free and zero temperature conformation of one such
sequence, 11C12 from Mehta and Kahn (3). The close agreement between
the two representations follows from the fact that repeating A-tracts largely
bend the helical axis of DNA into a helical supercoil (see, for example,
(44,45)). The pitch and the radius of the superhelix depend on the details of
the dependence of curvature on sequence. In Data S1 in the Supplementary
Material, we show that the SHS representation approximates the helical axis
of all three bent sequences of Mehta and Kahn (3) to within an RMS error of
less than the radius of DNA (,10 A˚).
The SHS representation is symmetric in that the right and left halves are
identical to within a 180 rotation about the out-of-plane axis at the midpoint.
This symmetry is not a fundamental limitation of the rod model, which is
capable of accounting for arbitrary intrinsic curvature (12), but here we use
the symmetry to reduce the computational cost of evaluating an entire family
of bent sequences. The mathematical deﬁnition of the SHS representation, as
provided in Data S1, ultimately deﬁnes the intrinsic curvature/twist ~koðsÞ
employed in the above elastic energy functional for the computational rod
model. The SHS representation of the initial DNA conformation provides the
initial conditions for the differential equations describing the dynamics of the
rod. The subsequent computation of the conformation of the looped DNA-
LacI complex follows the methods described in Goyal et al. (12).
Individual molecules within the family of bent sequences are distinguished
by the phasing of their operators relative to the A-tract bend, which determines
the orientation of the bound protein relative to the bend center. (For straight
DNA, only a single phasing parameter is required, describing simply the
torsional alignment of the terminal operator sites.) The orientation of the helix
is deﬁned by a vector triad, the three principal directions of the space curve
corresponding to the tangential, normal and bi-normal vectors. Fig. 2 deﬁnes
the two phasing parameters Q1 and Q2 by illustrating the torsional alignment
of two triads. The shaded triad represents the orientation of the helix at the end
of the A-tract domain, and the solid triad the orientation of the ﬁrst basepair of
the operator within the linker domain. The angleQ1 between the triads deﬁnes
the torsional alignment or phasing of the A-tract to this operator. An analogous
deﬁnition holds for Q2 at the opposite end.
For intrinsically straight DNA, the torsional phasing of the operators has a
much larger effect on the elastic energy of looping than the modest effect of
small changes (,3 nm) in contour length (12). Accordingly, we simplify our
calculations by exploring up to complete 360 changes of the phasing pa-
rameters (Q1 and Q2) while keeping the overall contour length of the SHS
representation constant. Experimentally, the phasing parameters are changed
by adding or subtracting basepairs in the linker domains (3), where adding a
FIGURE 1 (A) The straight-helical-straight (SHS) approximation for
highly bent DNA sequences. The light- and dark-shaded tube illustrates
the SHS approximation to the stress-free, zero temperature conformation of
the bent sequence 11C12 introduced in Mehta and Kahn (3). The light
shaded portions of the tube are the straight ‘‘linker’’ domains and the dark-
shaded portion is the superhelically curved A-tract domain. The transparent
half of the tube reveals an atomistic representation of the 11C12 sequence
provided by the web-based tool ‘‘model.it’’ (46). The SHS representation is
symmetric: the left and right halves are related by a 180 rotation about the
out-of-plane axis at the midpoint. Data S1 provides the mathematical
deﬁnition of the SHS representation. The SHS representation approximates
the helical axes of the bent sequences (3) to within an RMS error of less than
the radius of DNA (,10 A˚). (B) The x-ray co-crystal structure of the LacI-
DNA complex (6). In this ﬁgure, the right half (dark shaded) of the crystal
structure is rotated about the solid axis by 180 and then superimposed on
the left half (light shaded). The differences between the light- and dark-
shaded C-a atoms on the left side illustrate the very slight asymmetry in the
crystal structure.
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single basepair changes the associated phasing parameter by;34. The ﬁrst
and second numbers in the designations of the three bent sequences (11C12,
9C14, and 7C16) deﬁne their linker lengths and correspond to the phasing
parameters Q1 and Q2, respectively. We report Q1 and Q2 in units of helical
turns where one helical turn represents a 360 change in the torsional
alignment of the associated operator relative to the A-tract domain. Thus, the
family of bent sequences with a common A-tract domain reduces to a two-
parameter family of curves distinguished by Q1 and Q2. Allowing these
phasing parameters to vary through their entire range (0–1) yields a large
family of sequences, the majority of which have not been synthesized, but
which includes the three synthesized sequences of Mehta and Kahn (3).
We estimate the positions of the designed sequences in theQ1-Q2 design
space by mapping the rod representations of the stress-free conformations
(12) onto the SHS representation introduced in this article. To this end, we
ﬁrst superimpose the helical axes of the SHS representation with that ob-
tained in Goyal et al. (12) based on a consensus tri-nucleotide model for
DNA (46). Next, we project the triads deﬁning the operator phasing from the
rod representations onto the SHS representation as in Fig. 2. This projection
determines the values of the phasing parameters (Q1 and Q2) for the SHS
representation that best approximate the corresponding rod representation.
Note that since the rod representation for the helical axis (12) originates from
an assumed DNA model, the consensus tri-nucleotide model (46), the ap-
proximate values ofQ1-Q2 are estimates that will vary whether an alternative
DNA model is used or the DNA helical repeat changes signiﬁcantly.
The protein crystal structure dictates the position and orientation of the
operators and thus the boundary conditions for the rod model. For non-
symmetric DNA and protein, there exist eight possible binding topologies,
where topology refers here to the orientation of each operator relative to the
protein and the direction of the connecting DNA (12,47). Fig. 3 illustrates
four topologies and reviews our notation for their classiﬁcation (12). In ad-
dition, for each binding topology, one must further consider at least two twist
isomers (one over- and one undertwisted). Hence, in the absence of sym-
metry, each sequence in the two-parameter family of sequences requires
simultaneous consideration of eight possible binding topologies with both
over- and undertwisted topoisomers. However, by assuming symmetry of the
protein or DNA about their respective dyadic axes, the eight possible binding
topologies reduce to four unique topologies. (For example, a symmetric
protein results in four pairs of indistinguishable binding topologies: P1F and
P1R; P2F and P2R; A1F and A1R; and A2F and A2R.) The four binding
topologies further reduce to three upon assuming both symmetric protein and
DNA. (Speciﬁcally, we have three sets of indistinguishable binding topol-
ogies: P1F and P1R; P2F and P2R; and A1F, A1R, A2F, and A2R.) Hence,
analysis of a single molecule within this family requires only six computa-
tions (three binding topologies 3 two topoisomers) relative to the 16 com-
putations (eight binding topologies 3 two topoisomers) required otherwise.
Because the Lac repressor is a homotetramer, we expect its structure to be
symmetric. Fig. 1 B illustrates the near-symmetry of the protein crystal
structure: a 180 rotation of the right half (dark shaded), about the dyadic
axis (solid arrow), superimposes nearly perfectly on the left half (light
shaded). Quantitatively, the boundary conditions for the rod model resulting
from this assumption of protein symmetry deviate by,10 A˚ (in position) and
10 (in orientation) from those computed exactly from the crystal structure
(6). Looping energetics were found to be relatively insensitive to a similar
simplifying assumption used in Zhang et al. (31), in which the three-di-
mensional protein structure considered herein was approximated by a two-
dimensional structure.
FIGURE 2 SHS representation showing the deﬁnition of the phasing
parametersQ1 andQ2 in terms of triads aligned with the principal directions
(tangential, normal, and bi-normal unit vectors) of the DNA. The shaded
triad is aligned with the end of the helical (A-tract) segment, and the solid
one is at the ﬁrst basepair of the operator at the end of the straight (linker)
segment. The enlarged view shows that Q1 is the angle formed between
corresponding vectors for the shaded and solid triads. The Q1 and Q2
phasing parameters vary between 0 and 1 helical turns upon adding or
subtracting basepairs to the linker domain, as in the three molecules in Mehta
and Kahn (3). Q1 and Q2 deﬁne the torsional alignment of the operators
relative to each other and to the central superhelical domain. The ﬁrst and
second numbers in the designations of the three bent sequences (11C12,
9C14, and 7C16) deﬁne their linker lengths and correspond to the phasing
parameters Q1 and Q2, respectively.
FIGURE 3 Classiﬁcation of binding topologies for the LacI-DNA com-
plex (12,47). There are eight possible ways for the two protein binding
domains (BD1 and BD2) to bind to the two DNA operator locations (L1 and
L2), four of which are illustrated here. These eight possibilities are
distinguished using a three-character code (12) which slightly extends the
two-character code of Geanacopoulos et al. (47). The ﬁrst character (P or A)
indicates if the operators are parallel (P) or anti-parallel (A) with respect to
each other along the 59 to 39 direction. The second character (1 or 2)
indicates the orientation (59 to 39) of the operator at L1; if it points toward the
inside of the protein, it is assigned the number 1; if it points toward the
outside, it is assigned the number 2. The third character (F or R) indicates if
L1 binds to BD1 (F for forward) or to BD2 (R for reverse). All four
F-topologies are illustrated here. With the assumption of a symmetric LacI,
the four R-topologies are indistinguishable from the F-topologies.
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RESULTS
The looping of three highly bent DNA sequences by the Lac
repressor (LacI) protein has been characterized using a wide
array of experimental techniques (3,38,39). In a recent theo-
retical study (12), we demonstrate that the computational rod
model correctly predicts the major experimental ﬁndings for
these three speciﬁc sequences. We now signiﬁcantly extend
these predictions to the entire two-parameter family of related
bent sequences, as described by the SHS approximation de-
ﬁned above and in Data S1. While many of these sequences
have not yet been synthesized, the theoretical results below
reveal intriguing possibilities for future experiments.
Computational (e.g., (12,16,21,31)) and experimental (e.g.,
(33–35)) studies of phasing effects for straight DNA often
report the free energy (or repression level) as a function of a
single independent phasing parameter (often the contour
length in basepairs). Such results must now be extended to
demonstrate the simultaneous dependence on two independent
phasing parameters for the highly bent sequences. The two
phasing parameters Q1 and Q2 (see Fig. 2), given in units of
helical turns, distinguish bent sequences within this family.
Fig. 4 illustrates the computed elastic energy cost of
looping for all bent sequences over the possible sequence
design space: 0 # Q1 # 1 and 0 # Q2 # 1. The result is an
energy contour map where the contours map the loci of de-
signs having equivalent elastic energy (kT ) cost for loop
formation. For each speciﬁed value of Q1 and Q2, we report
the elastic energy of the minimum energy looped confor-
mation, from among all three possible binding topologies and
considering both over- and undertwisted topoisomers. (In
Fig. 4, the computed elastic energy is symmetric about the
diagonal Q1 ¼ Q2. This symmetry is a direct result of the
prescribed symmetries of the protein and bent DNA.) Also
illustrated in Fig. 4 are three speciﬁc computed loops: the
minimum energy loop that forms with the A (anti-parallel)
binding topology sketched in Fig. 3 (4.0 kT ), the minimum
energy loop that forms with the P1 (parallel 1) binding to-
pology (4.2 kT ), and the overall maximum energy loop,
which also forms with the A-binding topology (12.3 kT).
These energetic differences are experimentally testable as in
Mehta and Kahn (3).
The looped complexes formed by the original three bent
sequences exhibited signiﬁcant differences in gel migration
behavior (3). Although we cannot predict quantitative elec-
trophoretic mobilities for these complexes, we expect the
radius of gyration (Rg) to correlate to the migration speed, as
suggested previously for the three synthesized sequences
(12). In Fig. 5, we report the radius of gyration of the mini-
mum-energy DNA-LacI complex for each value of Q1 and
Q2. (The Rg is estimated as the root mean-square distance of
each atom in the DNA-LacI complex from the average po-
sition of all the atoms. We lump the atoms for each basepair
into the associated spatial grid point in our discretized rod
model, and we lump the atoms of each amino acid into a
single point located at the associated C-a atom in the crystal
structure because only the C-a atoms are resolved in the
crystal structure (6).) In Fig. 5, we again demarcate the re-
gions of the energetically preferred binding topologies as
identiﬁed in Fig. 4. These borders between energetically
preferred binding topologies often result in discontinuities in
Rg. In addition to discontinuities arising from a change in
preferred binding topology, discontinuities may also arise
from a change in preferred topoisomer (i.e., over- or under-
twisted). Fig. 5 illustrates two sample looped complexes, one
on each side of a discontinuity. (DTw ¼ 0.13 and DTw ¼
0.07 for the loops designated by the open and solid stars,
respectively.)
Mehta and Kahn (3) carried out ligation reactions that
yielded minicircles formed by cyclizing the free ends of
;350 bp DNAmolecules after formation of embedded;150
bp DNA-LacI loops. They measured DLk, the difference
between the Lk of DNA cyclized while bound to LacI and the
FIGURE 4 The energetic cost of looping over the entire Q1 and Q2
sequence design space of highly bent sequences with a common bent A-tract
domain. The elastic energy (kT) of looping for the minimum energy
conformations is reported, considering all binding topologies for both
over- and undertwisted topoisomers. Distinct (minimum-energy) binding
topologies are delineated with dashed dark lines. The green regions corre-
spond to bent sequences that preferentially bind with parallel (P1) binding
topologies. All other sequences, the open region, preferentially bind with
anti-parallel (A) binding topologies. Three computed loops are shown: the
minimum energy loop with the A-binding topology (4.0 kT), the minimum
energy loop with the P1-binding topology (4.2 kT), and the overall max-
imum energy loop, which adopts the A-binding topology (12.3 kT). (The
assumed DNA and protein symmetries make the A1- and A2-binding topol-
ogies indistinguishable.)
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Lk of DNA cyclized in the absence of LacI. They interpreted
the results in terms of changes in the LacI conformation (open
and closed forms), but our earlier work showed that the re-
sults can also be explained by considering over- or under-
twisting in the loop as well as various binding topologies of
the loop. Extending this analysis and the experiments to the
entire family of bent sequences should resolve this issue of
protein bending ﬂexibility versus DNA twisting and binding
topology changes. Fig. 6 A illustrates DNA cyclized in the
absence of LacI, which establishes the baseline Lk for com-
puting DLk. Fig. 6 B illustrates the minicircle formed by
cyclizing the free ends of the DNA after ﬁrst forming the
DNA-LacI complex for the minimum energy loop that forms
with the A (anti-parallel) binding topology (and also illus-
trated in Fig. 4).
The cyclization experiment was modeled numerically us-
ing the computational rod model (Fig. 6) by dividing a
minicircle into an SHS domain and two straight domains. The
SHS domain, with its prescribed intrinsic curvature (light
shaded segments in Fig. 6), ultimately forms the primary
DNA loop, and the straight domain (dark shaded segments in
Fig. 6) represents the DNA tails outside the interoperator
region (with a length of 211 bp). For a given set of phasing
parameters Q1 and Q2, we ﬁrst simulate the formation of a
minicircle in the absence of LacI, as in Fig. 6 A. Because the
two ends of the SHS representation are connected by a
straight segment of DNA and there is no bound protein, only
one phasing parameter is required, the sum of Q1 and Q2.
Next, we select the minimum energy looped DNA-LacI
complex as in Fig. 4. The operator DNA is considered ﬁxed
by the protein crystal structure, and based on the kinetic
stability of these complexes we assume that the geometry and
topology of this loop remain unchanged during ligation.
Starting from this state, we simulate the formation of a sec-
ondary loop formed by the tails, which now ligate using the
only available binding topology. After choosing the energetic
minimum from the under- and overtwisted topoisomers, we
compute the Lk of the ﬁnal minicircle with LacI (refer to the
computed minicircle example in Fig. 6 B). Because the length
and phasing of the straight DNA tails that form the secondary
loop are held constant, only one minimum energy loop of
each binding topology must be computed. As a result, all A1
primary loops (formed with arbitrary phasing of a bent se-
quence) are closed with identical A2 secondary loops, with a
constant calculated elastic energy of 15.5 kT. All P1 primary
loops are closed with identical P2 secondary loops, with
energy 19.6 kT. We report in Fig. 7 the computed DLk be-
tween the loops formed with and without LacI and over the
entire design space. The preferred binding topology of the
primary loop is denoted in the ﬁgure (thin dashed lines). In
addition, we identify in Fig. 7 the discrete changes in Lk of
the energetically preferred minicircle formed in the absence
of LacI (thick dashed lines), which affects the baseline for
calculating DLk.
DISCUSSION
In a previous article (12), we established that the computa-
tional rod model predicts the major experimental ﬁndings for
the looping of three bent sequences synthesized to date
(3,38,39). In this article, we introduce the SHS representation
for an entire family of these bent sequences and systemati-
cally explore possible looping behaviors. Doing so reveals
new insights on how intrinsic curvature inﬂuences the
looping of DNA, which in turn motivates future experimental
studies.
The differences in the looping behaviors of the three highly
bent sequences (7C16, 9C14, and 11C12) (3) originate from
the differences in phasing of the A-tract domain. In particular,
the three sequences shift the A-tract domain by 2 bp relative
to the ends of the linker domains, which leads to a substantial
(;70) torsional phase difference of the A-tract from one
sequence to another. The energy contour plot of Fig. 8 il-
lustrates the approximate positions of the three synthesized
sequences within the Q1-Q2 design space, estimated as de-
FIGURE 5 Computed radius of gyration (A˚) of the minimum energy
looped complexes reported in Fig. 4. Preferred binding topologies are
demarcated with dashed lines. Some of these borders between binding
topologies result in discontinuities in the Rg. Discontinuities may also arise
from the change in preferred topoisomer (i.e., over- versus undertwisted) as
in the two example loops illustrated below (DTw ¼ 0.13 and DTw ¼ 0.07
for the loops designated by the open and solid stars, respectively).
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scribed in Methods. Note that the three synthesized se-
quences span only a modest fraction of the overall design
space, which has been largely unexplored to date. The as-
signment ofQ1 andQ2 depends on an assumed helical repeat
and DNA curvature model, but the relative properties of
DNA constructs differing by the indicated number of turns
would be unaffected by errors in the absolute positions of the
existing molecules.
The larger view of the design space illustrated in Fig. 8 is
obtained by tiling the energy contour plot of Fig. 4, assuming
that the loop elastic energy remains periodic in the two phasing
parametersQ1 andQ2. (We again emphasize that any variation
in the loop elastic energy due to the small changes in the se-
quence contour length are inconsequential relative to those
induced by changes in phasing (12)). To highlight this peri-
odicity, Fig. 9 presents one cross section of the energy land-
scape of Fig. 8. The periodic variation in elastic energy for this
family of bent sequences is strikingly similar to the periodic
variation in repression level (or elastic energy and free energy)
for nominally straight DNA due to torsional phasing as dis-
cussed, for example, in the literature (33–35,48). Fig. 8 illus-
trates that there exist distinct regions of the design space where
the preferred binding topology is P1 (outlinedwith thin dashed
lines) versus A. Thus, by appropriate experimental design,
one may bias the preferred binding topology. Also, the elastic
energy cost of looping varies signiﬁcantly—by more than a
factor of two—over the design space. Again, this suggests
that by appropriate experimental design, one may signiﬁcantly
inﬂuence the loop stability. We explore these possibilities
further below.
Although it is evident from Fig. 8 that the A-region (out-
linedwith thin dashed lines) is larger than the P1-region, both
occupy signiﬁcant fractions of the design space (i.e., both
regions encompass many possible bent sequences). By con-
trast, only the A-binding topology is preferred for intrinsi-
cally straight DNA of similar contour length, assuming no
protein ﬂexibility (16,31). Thus, for the P1-region of the
design space, properly phased intrinsic curvature is necessary
and sufﬁcient to decrease the elastic energy of P1 enough to
overcome the bias toward the A-binding topology. As with
intrinsically straight DNA on these length scales (;140 bp),
the P2-binding topology is never preferred (31).
The experimental and computational data for the three
synthesized sequences already provide evidence for two dis-
tinct looped states: qualitatively different topoisomer distri-
butions and FRET behavior have been observed for the 9C14
and 11C12 molecules. The existence of the two states was
proposed to arise primarily from ﬂexibility of LacI at the base
of the ‘‘V’’ (3,26,39). The results presented here and in Goyal
et al. (12) suggest an alternative explanation, that distinct
FIGURE 6 Computed minicircles mimicking the exper-
imental procedure of Mehta and Kahn (3). Light-shaded
segments represent the highly bent sequence (SHS repre-
sentation) and the dark-shaded segments represent the
intrinsically straight sequences forming the tails. Since the
operator DNA is considered ﬁxed by the protein crystal,
there is a visible gap between the light- and dark-shaded
rods. (A) Computed minicircle cyclized in the absence of
LacI. For this sample minicircle, DTwA ¼ 0.38 and WrA ¼
0.16. (B) Minicircle cyclized subsequent to the formation of
the looped DNA-LacI complex. DLk is deﬁned as the Lk of
the minicircle cyclized in the absence of LacI minus the Lk
of the minicircle cyclized subsequent to the formation of the
LacI-DNA looped. This sample minicircle is formed from
the minimum energy loop illustrated in Fig. 4 with DTwB ¼
0.14 andWrB ¼0.56. The resultant change in Lk is DLk¼
DTwB 1 WrB – (DTwA 1 WrA) ¼ 1.
FIGURE 7 Map of relative linking number (DLk) for minicircles formed
from the DNA-LacI complex, with DLk deﬁned as in Fig. 6. DLk is
computed over the entire design space. Preferred binding topologies are
demarcated with dashed lines as in Fig. 5. The thick dashed lines denote
discrete changes in DLk resulting from discrete changes in Lk of the DNA
minicircle formed in the absence of LacI. Isolated discontinuities in DLk
within the P1-region along the diagonal (Q1 ¼ Q2) arise from changes in
writhe (62) due to changes in the handedness (sign) of the crossings of the
primary and secondary loops (see, for example, (44)).
5838 Lillian et al.
Biophysical Journal 95(12) 5832–5842
looped states could arise from distinct preferred binding to-
pologies, as also proposed in Saiz and Vilar (37) for straight
DNA. The role of LacI ﬂexibility has been examined experi-
mentally and computationally but a clear consensus has not yet
emerged. For example, an MD model of the LacI protein
suggests a stiff protein ‘‘V’’ (24) with ﬂexible head domains.
By contrast, electron microscopy and x-ray scattering dem-
onstrate a ﬂexible V-region in solution (29,30). DNA looping
models that include approximate treatments of protein ﬂexi-
bility align reasonably well with experimental data (16,26,31)
and thereby support a ﬂexible V.
Whether protein ﬂexibility or binding topology is the root
cause of the observed multiple looped states is a persistent
question that could be resolved by further experiment. Some
of the most compelling experimental data derive from FRET
assays on DNA molecules where donor and acceptor ﬂuo-
rophores are attached at opposite ends of the interoperator
DNA sequence. Single molecule measurements on the looped
LacI-9C14 complex give a high FRET efﬁciency, corre-
sponding to a distance of ;35 A˚, indicating that the 9C14
sequence forms primarily P1-loops with no observable pro-
tein deformation (38). This experiment is well suited to detect
the P1-topology, but is unable to distinguish other binding
topologies or protein ﬂexibility because of their expected low
FRET efﬁciency. Repositioning one ﬂuorophore to the DNA
tail just outside the operator domain could allow FRET de-
tection of the A-binding topology, as also suggested in
Swigon et al. (16). A high FRET efﬁciency would conﬁrm
the A-binding topology, whereas a low FRET efﬁciency
would conﬁrm protein ﬂexibility. Another experiment to
probe protein ﬂexibility would start with a loop suspected of
having large protein deformation and exhibiting low FRET
efﬁciency. The loop could then be cleaved using a restriction
enzyme or alternatively nicked at selected sites, signiﬁcantly
reducing its stiffness. Negligible protein deformation would
be implicated if the FRET efﬁciency did not change. Con-
versely, a signiﬁcantly increased FRET efﬁciency would
conﬁrm protein deformation in the initial loop. However, if
the system equilibrates rapidly after cleaving the DNA, the
sandwich complex could also form at random and thereby
confound the experiment.
A secondmajor result apparent in Fig. 4 is that the energetic
cost of looping varies by more than a factor of two (from
;4 kT to 12 kT) across the family of bent sequences. Conse-
quently, one would expect large differences in loop formation
and breakdown rates and loop stability for representative bent
sequences which span the design space. (If we assume that the
entropic contribution to the free energy of looping is nearly
the same for all sequences in the family of bent sequences, we
calculate the relative equilibrium constants between the min-
imum and maximum elastic energy loops to be: kloop,min/
kloop,max ¼ exp[12  4] ;3000.) The energy contour map in
Fig. 4 could be used as a guide to design new sequences to
minimize (or maximize) the elastic energy cost of looping,
starting from the three previously synthesized sequences. Se-
quences could be synthesized speciﬁcally to probe the ener-
getic extremes leading to comparatively hyper- and hypostable
loops. Interestingly, the elastic energy cost of looping for the
local minima within the P1- and A-regions are nearly equiv-
alent, suggesting that hyperstable P1- and A-loops could each
be produced. They would prove useful in future experiments
due to their extreme stability.
Another possibility arises from considering the borders
between the P1- and A-regions. The bent sequences near these
borders may form loops with distinct binding topologies but
with near-equivalent energetic costs, so that one would expect
to observe a near-equal distribution of loops having two dis-
tinct binding topologies. In single molecule experiments (e.g.,
SM-FRET), one might further hope to observe interconver-
sions among the different looped states and the unlooped state.
Though Edelman et al. (39) suggest that such interconversions
occur on a long timescale for hyperstable loops because of
their energetic stability, the interconversions could be accel-
erated with low concentrations of the inducer IPTG. Any such
transitions were not observable in the SM-FRET study of
Morgan et al. (38) because the looped complexes freely dif-
fused through the microscope’s ﬁeld of view.
FIGURE 9 Cross section of the energy landscape along the thick dashed
lines of Fig. 8.
FIGURE 8 Elastic energy contour map (Fig. 4) extended using tiling. The
thin dashed lines outline the regions corresponding to the P1-binding topology;
the remaining region corresponds to the A-binding topology. The indicated
locations of the synthesized sequences are a result of mapping the represen-
tation of intrinsically curved DNA used in Goyal et al. (12) onto the SHS
representation. The thick dashed lines indicates the plane for the cross section
of Fig. 9. (These two lines are separated by one turn and therefore result in
identical cross sections.)
Looping of a Large Family of Bent DNA 5839
Biophysical Journal 95(12) 5832–5842
The radius of gyration (Rg) for the computed loops re-
ported in Fig. 5 is a measure of loop size and thus one factor
inﬂuencing the speed of a looped complex through a gel.
However, the gel matrix or ionic conditions in the gel may
alter the preferred loop topology. Among the three sequences
synthesized to date, the experimental mobilities for loops that
form the P1-binding topology are larger (suggesting a more
compact loop) than the mobilities of loops believed to have
the A-binding topology or an open form LacI (12). This result
holds true for much of the bent sequence design space, as
seen by the dashed lines of Fig. 5 demarcating the preferred
binding topology. (An exception exists in a very small region
in the center of Fig. 5 where compact loops with the
A-binding topology are predicted.) We further observe in
Fig. 5 that discontinuities in Rg are a result of changes in
preferred binding topologies and topoisomers. The discon-
tinuities in loop size suggest the design of gel assays to detect
distinct binding topologies and/or topoisomers as a function
of the two phasing parameters Q1 and Q2.
The computed change in linking number DLk is also dis-
continuous across regions of preferred binding topologies as
well as preferred topoisomers. In addition, we observe that
DLk ¼ 11 occurs only within the P1-region. This fact sug-
gests yet another experiment to detect loops that preferen-
tially form with the P1-binding topology as the discrete
changes in DLk are relatively easy to detect.
Calculations of DLk depend on the topologies of three
important components: the minicircle formed in the absence
of LacI, the primary loop, and the secondary loop. The in-
ﬂuence of the minicircle formed in the absence of LacI be-
comes pronounced at the discontinuities marked by the thick
dashed lines in Fig. 7. These discontinuities result from a
change in the energetically preferred topoisomer as the total
length of the minicircle changes. As previously discussed,
this length depends upon the sum of Q1 and Q2. Thus, these
discontinuities follow the diagonal lines (Q1 1 Q2 ¼ con-
stant) in Fig. 7. The primary loop has the most pronounced
effect on DLk. The primary loop is formed by the most en-
ergetically favored binding topology and topoisomer avail-
able for a pair of phasing parameters Q1 and Q2. Changes in
preferred binding topology or topoisomer with changes in
these phasing parameters result in the majority of the dis-
continuities observable in Fig. 7. Finally, the topology of the
secondary loop has relatively little impact on DLk because it
remains constant, regardless of phasing, among all complexes
in which the primary loops have the same binding topology.
The role of the secondary loop is, however, quite pronounced
at very isolated points within the P1-region along the diagonal
(Q1 ¼ Q2) of Fig. 7. These points arise from the changes in
writhe (62) due to changes in the handedness (sign) of the
crossings of the primary and secondary loops (see, for exam-
ple, (44)). In these regions the effect of electrostatic repulsion,
which we do not consider, may be important.
In addition to measuring the DLk of the minicircles, Mehta
and Kahn (3) also measured the corresponding cyclization
rates. These rates are strongly inﬂuenced by the energetic cost
of forming the secondary loop from the DNA tails outside the
operator region. Experiments on the three synthesized se-
quences show that loops having DLk¼11 form more slowly
than all others. Fig. 7 supports this observation. In particular,
note that DLk¼11 arises only for loops with the P1-binding
topology. During cyclization, the tails must therefore form a
secondary loop with the (remaining) P2-binding topology.
However, as noted in the discussion above of the energetic cost
of looping, the P2-binding topology leads to the least ener-
getically favorable loops, a ﬁnding also in agreement with
Zhang et al. (31). In fact, we calculate the energetic cost of
forming a loop from the DNA tails with the A- and the
P2-binding topologies to be 12.5 kT and 19.6 kT, respectively.
The landscapes presented here suggest that it would be
useful to synthesize larger sets of molecules in which Q1 and
Q2 are varied systematically. Signiﬁcant differences in gel
migration speed between sequences differing by a single
basepair could indicate a sudden change in preferred binding
topology or preferred topoisomer. Gel assays offer a simple
means to distinguish loops that generate different topoisomers.
FRET or tethered particle microscopy techniques can address
loop topology and the conformation of the protein.
These computational results also support suggestions based
on experiment that LacI-DNA loops are dynamic entities, and
that intrinsic DNA curvature in the loops can control their
shapes. Cellular DNA bending proteins could certainly have
the same effect. Dynamic transitions arising from composi-
tional, chemical, or thermal signals in the cell might play an
important role in the control of gene expression.
CONCLUSIONS
This study materially extends the theoretical results of Goyal
et al. (12) by analyzing the properties of a family of LacI-DNA
loops, using a computational rod model for highly bent in-
teroperator DNA. The extension follows from considering
bent sequences composed of two straight linker domains that
ﬂank a common helically supercoiled (A-tract) domain. A
unifying straight-helical-straight (SHS) representation for the
unstressed state leads to a family of molecules that are dis-
tinguished by two phasing parameters, Q1 and Q2, specifying
the torsional phase of the A-tract relative to each of the oper-
ators. By exploiting the near-symmetry of LacI and the inter-
operator DNA, we signiﬁcantly reduce the computational
effort in analyzing looping for the entire space of molecules
(i.e., over all possible torsional phases Q1 2 [0, 1] and Q2 2
[0, 1] turns). The resulting computations of loop energy and
topology reveal new observations of looping mechanics and
further suggest compelling experimental studies.
First, the entire two-parameter design space is composed
of two subspaces of bent sequences that prefer to bind to LacI
with parallel (P1) versus anti-parallel (A) binding topologies.
Thus, the distinct looped states observed for three previously
synthesized bent sequences (3,39) could arise from differ-
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ences in preferred binding topology instead of solely from
protein ﬂexibility. Second, sequences located near the par-
allel versus anti-parallel borders in the design space form
loops with distinct binding topologies but with near-equiv-
alent energetic cost. Thus, such loops might readily inter-
convert between P1- and A-binding topologies (and
unlooped states) due to thermal energy. Third, the energetic
cost of looping varies by more than a factor of two (from;4
kT to 12 kT) over the design space, conﬁrming the signiﬁcant
inﬂuence of DNA intrinsic curvature on looping. As a result,
it should be possible to design bent sequences with controlled
looping kinetics and stability.
The ability to synthesize any sequence in the family of bent
sequences discussed above creates several possibilities for
future experimental studies. For instance, the energy contour
map (Fig. 8) may guide the design of new sequences that
minimize (or maximize) the elastic energy cost of looping
leading to hyperstable (or hypostable) looped complexes.
Another possibility is to probe whether multiple looped states
(3,39) develop from changes in binding topology or protein
ﬂexibility, one may extend the previous FRET experiments
(38,39) by repositioning one ﬂuorophore just outside the
operator domain to detect the A-binding topology. Gel assays
may provide a ready means to observe the distinct (discon-
tinuous) changes in the size of the looped complexes (Rg)
and/or the distinct changes in linking number (DLk) within
known regions of the design space. Finally, possible bio-
logical roles of putative loop switching could be addressed in
vivo with repression experiments similar to those originally
used to identify the presence of LacI-anchored DNA loops.
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